Energy characteristics of subordination chains 



Alexander Vasil'ev 



Abstract. We consider subordination chains of simply connected domains 
with smooth boundaries in the complex plane. Such chains admit Hamiltonian 
and Lagrangian interpretations through the Lowner-Kufarev evolution equa- 
tions. The action functional is constructed and its time variation is obtained. 
It represents the infinitesimal version of the action of the Virasoro-Bott group 
over the space of analytic univalent functions. 



1. Introduction 

Many physical processes may be interpreted as expanding dynamical systems 
of domains in the complex plane C or in the Riemann sphere C. This leads to the 
study of time-parameter Lowner subordination chains. In particular, we are inter- 
ested in Lowner chains of simply connected univalent domains with smooth (C°°) 
boundaries. There exists a canonical identification of the space of such domains 
(under certain conformal normalization) with the infinite dimensional Kahler man- 
ifold whose central extension is the Virasoro-Bott group. A Lowner subordination 
chain Q(t) is described by time-dependent family of conformal maps z = f{Q,t) 
from the unit disk U onto fl(t), normalized by f((,t) = ai(t)( + a 2 (<)C 2 + • • • , 
ai(t) > 0. After 1923 seminal Lowner's paper |15j a fundamental contribution to 
the theory of Lowner chains has been made by Pommerenke [181 II 9) who described 
governing cvoluton equations in partial and ordinary derivatives, known now as the 
Lowner-Kufarev equations due to Kufarev's work |13) . A particular case of sub- 
ordination dynamics is presented by the Laplace growth evolution (or Hele-Shaw 
advancing evolution) consisting of the Dirichlct problem for a harmonic potential 
where the boundary of the phase domain is unknown a priori (free boundary), and, 
in fact, is defined by the normality of its motion, (see, e.g., 1211 125] ). The aim 
of our paper is to give a Hamiltonian and Lagrangian descriptions of the subordina- 
tion evolution. In particular, we discuss the relations between the Lowner-Kufarev 
equations in partial and ordinary derivatives, construct the action functional, ob- 
tain its time variation. This variation represents the infinitesimal version of the 
action of the Virasoro-Bott group over the space of analytic univalent functions. 
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2. Hamiltonian formulation of the subordination evolution 

The parametric method emerged more than 80 years ago in the celebrated 
paper by Lowner |15| who studied a time-parameter semigroup of conformal one- 
slit maps of the unit disk U coming then at an evolution equation called after him. 
His main achievement was an infinitesimal description of a semi-flow of such maps 
by the Schwarz kernel that led him to the Lowner equation. This crucial result was 
generalized, then, in several ways (see |19l and the references therein). 

A time-parameter family Q (t) of simply connected hyperbolic univalent do- 
mains forms a subordination chain in the complex plane C, for < t < t (where 
t may be oo), if fl(t) C fi(s), £l{t) ^ 0(s), whenever t < s. We suppose that 
the origin is an interior point of the kernel of {f2(£)}J_ , and the boundaries dCl(t) 
are smooth (C°°). Let us normalize the growth of the evolution of this subordina- 
tion chain by the conformal radius of Cl(t) with respect to the origin to be e*. By 
the Ricmann Mapping Theorem we construct a subordination chain of mappings 
/((,i), C G U, where each function f((,t) = e*£ + a2(t)(, 2 + . . . is a holomorphic 
univalent map of U onto f2(f) for every fixed t. 

Pommerenke's result |18L 1191 says that given a subordination chain of domains 
f2(i) defined for t G [0, r), there exists an analytic regular function 

P (C, t) = i+pi(t)( + P2 (t)C 2 + . . . , Cel/, 

such that Re p((, t) > and 

(1) ^^(co, 

for ( G U and for almost all t G [0, r). The equation is called the Lowner- 
Kufarcv equation due to two seminal papers by Lowner |15j with 

iu(t) , ( 

(2) P(U) = -^ C 

where u(t) is a continuous function regarding to t G [0, r), and by Kufarev |13j in 
general case, where this equation appeared for the first time. 

In [26] . the case of smooth boundaries <9f2(t), being embedded into the class of 
quasidisks, has been proved to admit a specific integral form of the function p((, t) 
as 



uj(uj - C) 

S 1 =dU 



dui, 



for almost all t G [0, r], where the function v(uj, t) belongs to the Lie algebra Vect S 1 
of the vector fields on the unit circle S 1 , with the the Poisson - Lie bracket given 
by 

where the derivatives are taken with respect to the angle variable of S 1 . Comparing 
with the Hcrglotz representation 

p(C,t) = C I l ^dn(oj,t), 
J u - C 
s 1 
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for the family of Herglotz measures normalized as J gl dp(co,t) = 1, we deduce that 
d[i(u), t) = p(ui,t)\dui\, lo <E S 1 , and 

p(e i(> ,t) = -^v(e id ,t). 

From the other side, Re p(e , t) = 2irp{e 10 ,t) and the real-valued function p(e ,t) 
is non- negative for almost all t E [0, t). 

To arrive at the Hamiltonian interpretation of subordination dynamics, let us 
rewrite equation Q in the form 

M df'(C,t) _ dH(Cf,t) 

[6) at ~ d{ ' 

where H(£,f',t) = Cf'(C,i)p(£,t), and the derivative /' is taken with respect to 
the complex variable C- Interpreting the function H(£,f',t) as a Hamiltonian we 
must write 

(4) Tt = ^— = -b(C,t), 

formally yet. Equations and Q constitute the conjugate pair of Hamilton's 
relations, however this requires some additional clearance to give sense to the equa- 
tion This equation is just the Lowncr-Kufarev equation in ordinary derivatives 

C = -Cp(U). 

The equation Q represents a growing evolution of simply connected domains. 
Let us consider the reverse process. Given an initial domain 0(0) = Qq (and 
therefore, the initial mapping /(£, 0) = /o(C))i and a function p(£,t) with positive 
real part normalized by p(£, t) = 1 +piC + • • • 5 w e solve the equation Q and ask 
whether the solution f(£,t) represents a subordination chain of simply connected 
domains. The initial condition /(C,0) = /o(C) is n °t given on the characteristics 
of the partial differential equation hence the solution exists and is unique. 
Assuming s as a parameter along the characteristics we have 

— = 1 — = -CMC t) — = 
ds 1 ds ' ' ds 

with the initial conditions t(0) = 0, C(0) = z, /(C,0) = fo((), where z is in U. 
Obviously, t = s. We still need to give sense to this formalism because the domain 
of C is the entire unit disk, however the solutions to the second equation of the 
characteristic system range within the unit disk but do not fill it. Therefore, intro- 
ducing another letter w in order to distinct the function w(z,t) from the variable 
C, we arrive at the Cauchy problem for the Lowner-Kufarev equation in ordinary 
derivatives for a function C = w(z, t) 

(5) — = — wp[w,t), 

with the initial condition w(z, 0) = z. The equation 10) is the non-trivial char- 
acteristic equation for Q). Unfortunately, this approach requires the extension of 
/o(u> _1 (C, t)) into U (w" 1 means the inverse function) because the solution to 
is the function /(£, t) given as /o(w _1 (C, i)), where C = w{z, s) is a solution of the 
initial value problem for the characteristic equation 10 (or J3J) that maps U into 
U. Therefore, the solution of the initial value problem for the equation JJJ may be 
non-univalent. 

Let A stand for the usual class of all univalent holomorphic functions f(z) — 
z + ci2Z 2 + . . . in the unit disk. Solutions to the equation J5j) are regular univalent 
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functions w(z,t) = e t z + a2{t)z 2 + . . . in the unit disk that map U into itself. 
Conversely, every function from the class A can be represented by the limit 

(6) f(z) = lim e t w{z,t), 

t — >oc 

where there exists a function p(z, t) with positive real part for almost all t > 0, such 
that w(z, t) is a solution to the eqiation (3J| (see |19l pages 159-163]). Each function 
p(z,t) generates a unique function from the class A. The reciprocal statement is 
not true. In general, a function / £ A can be determined by different functions p. 

From [191 page 163] it follows that we can guarantee the univalence of the 
solutions to the Lowner-Kufarev equation in partial derivatives |jy assuming the 
initial condition /o(C) given by the limit © with the function p(-,t) chosen to be the 
same in the equations Q and JSJl. Originally, these arguments have been made by 
Prokhorov and the author in |20| . We remark also that an analogous Hamiltonian 
H one may also find in |4j. 

The Hamiltonian H is linear with respect to the variable /', therefore, the 
Hamiltonian dynamics which is generated by H is trivial and the velocity is con- 
stant. In |2()| we studied another Hamiltonian system for a finite number of the 
coefficients of the function w(z,t) generated by the equation JSJl. It turns out that 
the Hamiltonian system generated by the coefficients is Liouville partially integrable 
and the first integrals were obtained and were proved to possess a contact structure. 
However, the Hamiltonian was again linear with respect to the conjugate system, 
and we have both systems accelerationless. In order to describe a non-trivial motion 
we proceed with the Lagrangian formulation. 



3. Lagrangian formulation of the subordination evolution 

Let us consider a subordination chain {fl(t)}J =0 , G f2(£), an d the time- 
parameter family of the real- valued Green functions G(z,t) of O(i) with the loga- 
rithmic singularity at 0. If z = /(£,£) is the Rlemann map from the unit disk U 
onto f2(i), f'{0,t) = e*, then G(z,t) = — log |/ _1 (z, t)\. The unit normal vector n 
to d£l(t) in the outward direction can be written as 

n= \rm> lcl = L 

Therefore, the normal velocity v n of the boundary dfl(t) at the point f(e ,t) may 
be expressed as 



Re/ T7 ^ = |/'|Re^ 7 = |/'|p(e ie ,i) ) 



pie fi f 

where the function p(e l6 ,t) was defined in the preceding section. Thus, p(e ie ,t) 

Vn\VG\. 

The easiest Lagrangian is given by the Dirichlct integral 



J f \VG\ 2 da z , 



where da z = | ^ | ; locally for any measurable set D C f2(f) \ {0}. However, 
this functional cannot be defined globally in f2(t) \ {0} because of the parabolic 
singularity at the origin. To overcome this obstacle we define the energy represented 
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by this Lagrangian in the following way. Let fl e (t) = Q(t) \ {z : \z\ < e} for a 
sufficiently small e, U e = {( : e < |£| < !}■ Then the finite limit 




(7) £ = lim ill \VG\ 2 da z + 2w\oge 

lpe(t) 

exists. Applying the conformal map z = /(£, t) and changing variables we arrive 
at the representation of the energy 

£ = £[f] = 2tt log |/ / (0,t)|=27rf, 

just by the capacity (or the conformal radius in this case) of d£l(t). In other 
words, £ represents the classical action for the Lagrangian defined by the Dirichlct 
integral. This interpretation allows us to get less trivial Lagrangian description of 
subordination dynamics, that in particular, emerges in the Liouville part of the 
CFT [T71I25] . 

The classical field theory studies the extremum of the action functional, and its 
critical value is called the classical action. The critical point <f>* satisfies Hamilton's 
principle (or the principle of the least action), i.e., <5<S[0*] = 0, which is the Euler- 
Lagrange equation for the variational problem defined by the action functional S[4>] . 
For the action given by the Dirichlct integral the classical action is achieved for the 
harmonic </>* and the principle of the least action leads to the Laplacian equation 
A(f> = as above. The Liouville action plays a key role in two-dimensional gravity 
and leads to the Liouville equation, a solution of which is the Poincare metric of 
the constant negative curvature. This conformal metric is of a paticular interest, 
because no flat metric satisfies the Einstein Field Equation. The conformal symme- 
try of CFT is generated by its energy-momentum tensor T whose mode expansion 
is expressed in terms of the operators satisfying the commutation relations of the 
Virasoro algebra. The (2,0)-component of the energy-momentum tensor in the Li- 
ouville theory is given by the expression T v = tp zz — that leads to the classical 
Schwarz result T v = Sf{Q with the Schwarzian derivative 5 1 / where / is the ratio 
of two linearly independent solutions to the Fuchsian equation w" + \T v w = 0. 

In the case of subordination chains our starting point will be a Riemannian 
metric ds 2 = e v ^ z ' \dz\ 2 . In the case of the Liouville theory, the real- valued potential 
<f satisfies the Liouville equation (p zz - = (generally, with certain prescribed 
asymptotics which guarantee the uniqueness). Geometrically, this means that the 
conformal metric ds 2 has constant negative curvature -1 on the underlying Riemann 
surface corresponding to prescribed singularities. Let us consider the complex Green 
function W(z,t) whose real part is G(z,t) = log \f~ 1 (z, t)\, z e il(t) \ 0, as before. 
We have the representation W(z, t) = — \ogz+wo(z, t), where wo(z, t) is an analytic 
regular function in £l(t). Because of the conformal invariance of the Green function 
we have the superposition 

(WW) (£*) = - log C, 

and the conformally invariant complex velocity field is just W'(z,t) = —y=r{z,t), 
where Q = / _1 (z,t) is the inverse to our parametric function / and prime means 
the complex derivative. Rewriting this relation we get 



dC 2 

(8) (W'(z,t)dzf = ±. 
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The velocity field is the conjugation of (— W'). In other words the velocity field 
is directed along the trajectories of the quadratic differential in the left-hand side 
of JBJ) for each fixed moment t. The equality ijHJ implies that the boundary dVL(t) 
is the orthogonal trajectory of the differential (W'(z,t) dz) 2 with a double pole 
at the origin. The dependence on t yields that the trajectory structure of this 
differential changes in time, and in general, the stream lines are not inherited in 
time. These lines are geodesic in the conformal metric VK'(z,t)||<iz generated by 
this differential. Let us use the conformal logarithmic metric generated by JHJ 

d S 2 = l -p^\dz\ 2 = \W'\ 2 \dz\^ 

which is intrinsically flat. Unlike the Poincarc metric, the hyperbolic boundary is 
not singular for the logarithmic metric whereas the origin is. But it is a parabolic 

singularity which can be easily regularized. The density of this metric satisfies the 

lf -1 'l 2 

usual Laplacian equation ip zz — in fi(i) \ {0}, where <p(z) = log fprra ■ The 
function ip possesses the asymptotics 

\z\ 2 \z\ 2 

therefore, the finite limit 

(9) S = S[^] = HnJ J \<p z \ 2 da z +2^1og ; 

exists and is called the logarithmic action. 

Lemma 1. The Euler-Lagrange equation for the variational problem for the 
logarithmic action S[<fi] is the Laplacian equation Atfi = —Att5o(z), z £ tt(t), where 
6q(z) is the Dirac distribution supported at the origin, where (f> is taken from the 
class of twice differ entiable functions in Cl(t)\{0} with the asymptotics <fi ~ — log \z\ 2 
as z — > 0. 

Proof. Let us consider first the integral 

Se[4>] = J \<Pz\ 2 dor, = J Xn e (t)\<f)z\ 2 do- z , 

Q e {t) C 

where Xn e (t) is the characteristic function of Cl e (t). Then, due to Green's theorem, 

lim = 2 / xa e (t)Re <p z u z da z 

c 

(10) = ~ J uAc/ ) da z + ^ J u^ds, 

Q c (t) dQ e (t) 

in distributional sense for every C°°(C) test function u supported in f2(t). On the 
other hand, we have d(j>/dn ~ — 2/e as e — ► and u = on d£l(t). Therefore, the 
expression (I10|l tends to 



-i J uA4>da z - 2nu(Q), 



Q(t) 
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as e — > 0, and the latter must vanish, that is equivalent to the Laplacian equation 
mentioned in the statement of the lemma. Obviously, the logarithmic term in the 
definition of S[cj>] does not contribute into the variation. □ 

Straightforward calculation gives 

**=y(HK'(M.) 

Hence, the action S can be expressed in terms of the parametric function / as 



(11) S = S[f) 




11 I 



2 



da c + 27rlog£ } +27rlog|/'(0,t)|, 



or adding the logarithmic term into the integral we obtain 



(12) S[f] 



u 



11 I 2 



-U da c + 2Trlog|/'(0,i)|. 



Within the quantum theory of Ricmann surfaces the Liouville action is a Kahler 
potential of the Weil-Petersson metric on the space of deformations (Tcichmullcr 
space), see |28L 1291 . We use a fiat metric instead, nevertheless, as we show further 
on, there are several common features between smooth subordination evolution and 
the Liouville theory. In particular, we shall derive the variation of the logarithmic 
action S and give connections with the Virasoro algebra and the Kahler geometry 
on the infinite dimensional manifold Diff S 1 /S 1 . 

4. Variation of the logarithmic action and the Kahler geometry on 

Diff S^S 1 

We denote the Lie group of C°° sense preserving diffeomorphisms of the unit 
circle S 1 = dU by Diff S 1 . Each element of Diff S 1 is represented as z = e l< t>W 
with a monotone increasing, C°° real- valued function 4>(8), such that <p(9 + 2tt) = 
4>(8) + 2ir. The Lie algebra for Diff S 1 is identified with the Lie algebra Vect S 1 of 
smooth (C°°) tangent vector fields to S 1 with the Poisson - Lie bracket given by 

[VUV2] = v\v' 2 - v 2 v' x . 

There is no general theory of infinite dimensional Lie groups, example of which is 
under consideration. The interest to this particular case comes first of all from the 
string theory where the Virasoro (vertex) algebra appears as the central extension 
of Vect S 1 and gives the mode expansion for the energy-momentum tensor. The 
central extension of Diff S 1 is called the Virasoro-Bott group. Entire necessary 
background for the construction of the theory of unitary representations of Diff 5* 1 is 
found in the study of Kirillov's homogeneous Kahlerian manifold = Diff S 1 /S 1 . 
The group Diff S 1 acts as a group of translations on the manifold Ai with the group 
S 1 as a stabilizer. The Kahlerian geometry of M. has been described by Kirillov 
and Yuriev in The manifold M. admits several representations, in particular, 
in the space of smooth probability measures, symplectic realization in the space of 
quadratic differentials. Let A stand for the class of all analytic regular univalent 
functions / in U normalized by /(0) = 0, /'(0) = 1. We shall use its analytic 
representation of A4 based on the class A of functions from A which being extended 
onto the closure U of U are supposed to be smooth on S 1 . The class A is dense in A 
in the local uniform topology of U . There exists a canonical identification of A with 
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Ai. As a consequence, A is a homogeneous space under the left action of Diff 5 1 , 
see pfl Theorem 1.4.1] and [9 ] - |12j . As it has been mentioned in Section 2, see also 
|26j , a smooth subodination evolution is governed by the Lowner-Kufarev equation 
l|T|) with a function t) which may be Schwarz represented by its boundary values 
p(e ie ,t) 7 such that 4np G Vcct S 1 . 

Theorem 1. Let z = f(£,t) be the parametric function for the subordination 
evolution £l(t), t € [0,r), f{C,t) = e C + ... . Let S[f] stand for the logarithmic 
action. Then, 



2lT 



Re 1 



e lB f 



2tt 



v(e i9 ,t) d6+ Re {e 2l6 S f ) v{e l8 , t) d6 - 2tt, 



where v e Vect S 1 , v > and /„" v(e ie ,t)d6 = in. 

Proof. We start rewriting the expression for S[f] as 



S[f} = 



2Re 



f"(C,t) 

C/'(C.t) 



do-Q + 2irt, 



and therefore, 



dt 



S[f] = 2Re 



/" 1\ f" f"f 



/' CM /' (f'Y 



da^ + 27r. 



Now applying the Lowner-Kufarev representation / = C/'p(Cj^)j we § e t 



/" 1 



/' c 



/' 



-S[f] = 2Re / / ( J — + 7 ) ( (1 + C77MC t) + Cp'(C, *) ) + 2^ 



In order to apply Green's theorem we remove the singularity at the origin by split- 
ting the integral into two terms as 

/ 



Jt S[f] = 2Re 



2tt, 



ICI<e 



where the second term 

e 2-n- 



f" e lB 

1 

f r 



(holomorphic function)r dOdr 



IC!<e 



as e — > 0. Applying Green's theorem for the first term and taking to account that 
p(0,t) = 1, we obtain 

/ 



-1 
2i 
\ s 1 

as e — ► 0. Thus, we have 

2tt 



d( 



1 

2i 



\C\=e 



d 
dt 



S[f] = Rc / 1 + e 



r 



d( 



-1 

~2i 



d( - 7T \, 



S 1 



(l + ^>(e« I i) + e V(e , ' I t)J dB, 
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or 

27T „ 2tt 

d 





2jt 



dt S[f)=2-K j l + z ie jT P(e l9 ,t)d6 + Jrc (l + e w ^ Rc e w p' (e t9 , t) d0 

o 

Jim ^1 + e ' 9 jr) Im e J V(e ie , t) 

o 

These equalities are thought of as limiting values making use of the smoothness of 
/ on the boundary. Let us denote by J±, J 2 and J 3 , the first, the second and the 
third term respectively in the latter expression. We have 

27T 2ir 

f"\ I" Op l S p ia 



J 3 = yim ^1 + e-^jlm J j-—^ p{e™, t) da d6 . 


Obviously, 

d fe la + C\ -2(ie ia 



da \e la -(,) (e ia - () 2 ' 
Integrating by parts and applying the Cauchy-Schwarz formula we obtain 

f II I fill / f/l\ * ' 

,ie j 1 2«e / j M 



J 3 = 27 rRc / (e-^+e^iy-l^) jjp(e«t)d0. 





Using the representation of the function i) the integral J2 admits the form 

2-ir 27T 

f'J J (e 4 ' 


Changing the order of integration implies 

2ir 2ir 



J 2 = /Re (l + e ^)Re / —— p {j», t) dadB. 



jef"\ 2e««e 



J 2 = /Re / Re ( 1 + j ^— — p(e"*,t) dadB 



1 a 





2ir / 27T 



1 + (e ^- e ^)2 M 



\0 

Integrating by parts we obtain 

2tt / 2ir 



f J e la - e 10 



■h = J P(e ia ,t) ReH) J ^Rc (l 

V 

The internal integral represents an analytic function by the Cauchy formula (modulo 
an imaginary constant). Taking into account the normalization at the origin we get 

2tt / / oX x 

£ II I fill / fli 

: J , „2ia 11 I J 



J 2 = 2nRe J ^ a ±- + e" a ^ - ^ J j j p(e M , t) da = J 3 . 

Summing up J± + J2+J3, and taking into account = 47rp, concludes the proof. □ 

In the particular case of the Laplacian growth evolution this theorem has been 
proved in |27j . The normal velocity of the boundary is equal to the gradient of the 
Green function and v(e ie ,t) = 2/\f(e l9 , t)\ 2 . 
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In two-dimensional conformal field theories [6], the algebra of energy momen- 
tum tensor is deformed by a central extension due to the conformal anomaly 
and becomes the Virasoro algebra. The Virasoro algebra is spanned by elements 
e k = C 1+fc <9, k G Z and c with e k + e~ k , where c is a real number, called the central 
charge, and the Lie brackets are defined by 

[e,„, e n ] Vir = {n- m)e m+n + ■^m{m 2 - l)S n - m , [c, L k ] = 0. 

The Virasoro algebra (Vir) can be realized as a central extension of Vect S 1 by 
defining 

[4>d + ca, ipd + cb]vir = {H> - 4>'^)d + 

(whereas [4>,iJj] = 4>iJj' — where the bilinear antisymmetric form co((j), i/j) on 

Vect S 1 is given by 

2-rr 

1 



"(<t>^) = -^ ]W +F )1>M, 
o 

and a, b are numbers. This form defines the Gelfand-Fuks cocycle on Vect S 1 and 
satisfies the Jacobi identity. The factor of 1/12 is merely a matter of convention. 
The manifold Ai being considered as a realization A admits affine coordinates 
{C2, C3, . . . }, where Ck is the fc-th coefficient of a univalent functions / G A. Due to 
dc Branges' theorem [3], M. is a bounded open subset of {|c&| < k + e}. 

The Goluzin-Schiffcr variational formula lifts the actions from the Lie algebra 
Vect S 1 onto A. Let / e A and let v{e %t} ) be a C°° real-valued function in 9 E (0, 2tt] 
from Vect S 1 making an infinitesimal action as 8 1— > 9 + Tv(e l9 ). Let us consider a 
variation of / given by 

f 2 (C) f ( wf'(w)\ 2 v(w) dw 



(13) Lu[m = JJRj 



s 1 



/H J f(w) - /(C) w 



Kirillov and Yuriev [111 I12| have established that the variations L v [/] (£) are closed 
with respect to the commutator and the induced Lie algebra is the same as Vect S 1 . 
Moreover, Kirillov's result [H| states that there is the exponential map Vect S 1 — > 
Diff S 1 such that the subgroup S 1 coincides with the stabilizer of the map /(£) = C 
from A. 

It is convenient jlO] to extend 1)13(1 by complex linearity to CVect S 1 — > Vect A. 
Taking v k = —ie lke , k > from the basis of CVect S 1 , we obtain the expressions 
for Lfc = 6 v f, f € A ~ M. (see formula l|T5)lL as 

Lo = Cf'iO - /(C), L k = C 1+k f. 

The computation of L k for k < is more difficult because poles of the integrant. 
For example, 

L-x = f - 1 - 2c 2 /, i_ 2 = ^ - I - 3c 2 + (c| - 4c 3 )/, 

(see, e.g., |10p . In terms of the coordinates {c2, C3, . . . } on M. 

00 00 
ifc = d k + y^(n + l)c n d k+n , L Q = V" nc n 9 n , 



ri— 1 n—1 



for A: > 0, where = dfdck+\. 
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Neretin [16) introduced the sequence of polynomials P k , in the coordinates 
{c2, C3, . . . } on M. by the following recurrent relations 

L m (P n ) = (n + m)P„_ m + ^m(m 2 - l)S n , m , P o = P 1 =0, P k (0) = 0, 

where the central charge c is fixed. This gives, for example, P2 = | (03 — c|), 
Pi = 2c(c4 — 2C2C3 + Cj). In general, the polynomials Pk are homogeneous with 
respect to rotations of the function /. It is worthy to mention that estimates of 
the absolute value of these polynomials has been a subject of investigations in the 
theory of univalent functions for a long time, e.g., for IP2I we have \cs — c|| < 1 
(Bieberbach 1916 [3]), for estimates of |P 3 | see EH HH |24]. For the Neretin 
polynomials one can construct the generatrix function 



00 ^2 



k=l 



where 5/(0 is the Schwarzian derivative of /, Let v 6 CVect S* 1 and v 9 be the 
associated right-invariant tangent vector field defined at g <E Diff S 1 . For the basis 
v k = —ie lke d, one constructs the corresponding associated right-invariant basis v^. 
By {ip-k} we denote the dual basis of 1-forms such that the value of each form on 
the vector v 9 k is given as 

Ofc,tfJ = 6 k +n,Q- 

Let us construct the 1-form VP on Diff S* 1 by 

00 

k=l 

where tt means the natural projection Diff S 1 — > Ai. This form appeared in [T|l2] in 
the context of the construction of a unitarizing probability measure for the Neretin 
representation of M. . It is invariant under the left action of 5* 1 . If / € A represents 
g and v € Vect S 1 , then the value of the form $ on the vector v is 

(*,!/)/ = J e 2l9 v{e ie )S s dB, 


see [BE]. So the variation of the logarithmic action given in Theorem 1 becomes 







27T n 

ie fit » -1 2 
Re [ 1 1 7 



zy(e i6 \t)d(9 + Re - 2?r. 



Taking into account the definition of the mean curvature *c(z,t) of the boundary 
of f2(f), and the normal velocity v n , we conclude that 

^<S[/]=47r J {xv n ) 2 \dz\+Rc(y,is) f ~2tt. 
an(t) 

References 

[1] H. Airault, P. Malliavin, Unitarizing probability measures for representations of Virasoro 

algebra, J. Math. Pures Appl. 80 (2001), no. 6, 627-667. 
[2] H. Airault, P. Malliavin, A. Thalmaier, Support of Virasoro unitarizing measures, C. R. Acad. 

Sci. Paris, Ser. I 335 (2002), 621-626. 
[3] L. Bieberbach, Uber die Koeffizienten derjenigen Potenzreihen, welche eine schlichte Abbil- 

dung des Einheitskreises vermitteln, S.-B. Preuss. Akad. Wiss. (1916), S. 940—955. 



12 



ALEXANDER. VASIL'EV 



R. Blumcnfcld, Formulating a first-principles statistical theory of growing surfaces in two- 
dimensional Laplacian fields, Phys. Rev. E 50 (1994), no. 4, 2952-2962. 

L. de Branges, A proof of the Bieberbach conjecture, Acta Math. 154 (1985), no. 1-2, 137-152. 
P. Goddard, D. Olive, Kac-Moody and Virasoro algebras in relation to Quantum Physics, 
Int. J. Mod. Phys. A 1 (1986), no. 2, 303-414. 

L. Gromova, A. Vasil'ev, On the estimate of the fourth-order homogeneous coefficient func- 
tional for univalent functions, Ann. Polon. Math. 63 (1996), 7-12. 

S. D. Howison, Complex variable methods in Hele-Shaw moving boundary problems, European 
J. Appl. Math. 3 (1992), no. 3, 209-224. 

A. A. Kirillov, Kdhler structure on the K-orbits of a group of diffeomorphisms of the circle, 
Funktsional. Anal, i Prilozhen. 21 (1987), no. 2, 42-45. 

A. A. Kirillov, Geometric approach to discrete series of unirreps for Vir, J. Math. Pures 
Appl. 77 (1998), 735-746. 

A. A. Kirillov, D. V. Yuriev, Kdhler geometry of the infinite- dimensional homogeneous space 
M = Diff + (5 1 )/Rot(5 1 ), Funktsional. Anal, i Prilozhen. 21 (1987), no. 4, 35-46. (in Russian) 
A. A. Kirillov, D. V. Yuriev, Representations of the Virasoro algebra by the orbit method, J. 
Geom. Phys. 5 (1988), no. 3, 351-363. 

P. P. Kufarev, On one-parameter families of analytic functions, Rec. Math. [Mat. Sbornik] 
N.S. 13(55) (1943), 87-118. 

P. Lehto, On fourth-order homogeneous Junctionals in the class of bounded univalent func- 
tions, Ann. Acad. Sci. Fenn. Ser. A I Math. Dissertationes No. 48, (1984), 1-46. 
K. Lowner, Untersuchungen iiber schlichte konforme Abbildungen des Einheitskreises, Math. 
Ann. 89 (1923), 103-121. 

Yu. A. Neretin, Representations of Virasoro and affine Lie algebras, Encyclopedia of Math- 
ematical Sciences, Vol. 22, Springer- Verlag, 1994, pp. 157-225. 

A. M. Polyakov, Quantum geometry of bosonic strings, Phys. Lett. B 103 (1981), no. 3, 
207-210. 

Ch. Pommerenke, Uber die Subordination analytischer Funktionen, J. Reine Angew. Math. 
218 (1965), 159-173. 

Ch. Pommerenke, Univalent functions, with a chapter on quadratic differentials by G. Jensen, 
Vandenhoeck & Ruprecht, Gottingen, 1975. 

D. Prokhorov, A. Vasil'ev, Univalent functions and integrable systems, to appear in Comm. 
Math. Phys., |arXiv:nlin.SI/0412016| 2004, 18pp. 

S. Richardson, Hele-Shaw flows with a free boundary produced by the injecton of fluid into a 
narrow channel, J. Fluid Mech. 56 (1972), no. 4, 609-618. 

L. A. Takhtajan, Liouville theory: quantum geometry of Riemann surfaces, Modern Phys. 
Lett. A 8 (1993), no. 37, 3529-3535. 

O. Tammi, Extremum problems for bounded univalent functions, Lecture Notes in Mathe- 
matics, 646. Springer- Verlag, Berlin— New York, 1978. 

O. Tammi, Extremum problems for bounded univalent functions II, Lecture Notes in Math- 
ematics, 913. Springer- Verlag, Berlin-New York, 1982. 

A. Vasil'ev, Univalent functions in two-dimensional free boundary problems, Acta Applic. 
Math. 79 (2003), no. 3, 249-280. 

A. Vasil'ev, Evolution of conformal maps with quasiconformal extensions, to appear in Bull. 
Sci. Math., |arXiv:math.AP/0410229| 2004, 32 pp. 

A. Vasil'ev, Liouville and logarithmic actions in Laplacian growth, |arXiv:math- ph/0507025 
2005, 22 pp. 

P. G. Zograf, L. A. Takhtajan, On the Liouville equation, accessory parameters and the 
geometry of Teichmiiller space for Riemann surfaces of genus 0, Mat. Sb. (N.S.) 132(174) 
(1987), no. 2, 147-166; translation in Math. USSR-Sb. 60 (1988), no. 1, 143-161. 
P. Zograf, L. Takhtajan, Hyperbolic 2-spheres with conical singularities, accessory parameters 
and Kdhler metrics on Mo,n, Trans. Amer. Math. Soc. 355 (2003), no. 5, 1857-1867. 



Matematisk institutt, Universitetet i Bergen, Johannes Brunsgate 12, N-5008, Bergen, 
Norway 

E-mail address: alexander.vasilievOuib.no 



